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MODELING AND SIMULATION OF GRAIN GROWTH IN Si3N4.
III. TIP SHAPE EVOLUTION
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Abstract—Simulations based on the anisotropic Ostwald ripening model have been performed for the tip
shape evolution of theβ-Si3N4 crystal in the liquid phase. It was found that tip shape is a function of the
liquid concentration and the relationship between the interfacial reaction and diffusion constants. Depending
on the concentration of the liquid phase, a convex, almost flat, or concave surface appeared at the tip surface.
The following two factors are crucial for understanding the development of concavity at the tip surface of
the β-Si3N4 crystal: (1) strong growth anisotropy of theβ-Si3N4 crystal that is the interfacial reaction and
diffusion controlled kinetics of the (100) and (001) surfaces, respectively, and (2) supersaturation of the
liquid phase. 2000 Acta Metallurgica Inc. Published by Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

Anisotropic grain growth is the factor that makes sili-
con nitride (Si3N4) a unique and tough ceramic. Con-
trolling its microstructure is crucial for improving its
mechanical properties [1, 2] and is the reason why so
many researchers have focused on understanding the
mechanism of anisotropic grain growth in this
material [3–16]. Recently, we proposed a thermodyn-
amic model for anisotropic Ostwald ripening [17],
and extended it to theα–β transformation [18]. Grain
growth simulations based on this model were perfor-
med to analyze the effects of various kinetic para-
meters on grain growth ofβ-Si3N4. These works pro-
vided explanations for the puzzling experimental
results obtained in previous works, such as the
reduction of aspect ratio during Ostwald ripening
[12–14, 19–21], and growth exponents higher than 3
[8, 22]. Although in this study the macroscopic mor-
phology evolution, i.e. the evolution of aspect ratio
(length/width) and its distribution, was considered,
the microscopic morphology, i.e. the real crystal
shape, was not examined.

The β-Si3N4 crystal grown in the liquid phase is
known to have a strong tendency to show an atomi-
cally flat interface, namely a facet, along the (100)
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prismatic plane. Periodic bond chain (PBC) analysis
predicted the growth morphology of theβ-Si3N4 crys-
tal which consisted of the {100} prism and {101}
pyramid habit planes, and demonstrated that the elon-
gated hexagonal rod shape is the intrinsic morphology
of the β-Si3N4 crystal [23]. The fact that the {100}
plane has by far the lowest attachment energy means
that nucleation on this plane has a high activation
energy. As a result, an atomically flat interface would
appear along this plane, and interfacial reaction con-
trolled growth in the [210] direction is expected.
However, the attachment energy of the {101} plane
is not as low as that of the {100} plane, and the acti-
vation energy for nucleation on this plane is expected
to be lower than that of the {100} plane. Thus, it
would be difficult to predict whether the growth kin-
etics in the [001] direction are diffusion controlled
or interfacial reaction controlled. According to their
analysis, if the growth unit has PBC vectors [010] and
[001], an atomically rough interface would appear at
the tip of theβ-Si3N4 crystal, and thus diffusion con-
trolled grain growth would be predicted in this direc-
tion. The {101} and/or {001} interface, a slightly
curved interface close to the {001} plane [23], and a
round, atomically rough interface [3] were all
observed at the tip of theβ-Si3N4 crystal under differ-
ent experimental conditions.

It is generally accepted that a convex and round
(spherical) shape appears when growth kinetics is
controlled by diffusion. This is believed to be so even
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in the anisotropic case, in which growth in a certain
direction is controlled by interfacial reaction [24].
However, a recent experimental result demonstrated
a very different picture [25]. It was found that the tip
shape of the hexagonalβ-Si3N4 crystal grown in the
liquid phase was concave, and that its curvature
related to the width of the crystal. The fact that such
a highly non-equilibrium shape does exist is indica-
tive of a driving force for mass transport other than
curvature, and could be due to kinetics. Combining
this and the previous results, it is expected that the
kinetic parameters could significantly affect the tip
shape of theβ-Si3N4 crystal.

The aim of this work is to perform microscopic
simulations for the morphology evolution of theβ-
Si3N4 crystal in the liquid phase based on the aniso-
tropic Ostwald ripening model [17], to analyze the
effect of various kinetic parameters on the tip shape
evolution, and to provide a plausible reason for the
development of concavity at the tip surface of theβ-
Si3N4 crystal.

2. SIMULATION PROCEDURE

The simulation is based on a two-dimensional, rec-
tangular vessel filled with the liquid phase and con-
taining a two-dimensional, rectangular crystal with
(100) side and (001) end surfaces. The width and
length of the crystal area and c, respectively. The
size of the vessel isc32c, and the crystal is located
in the center of the vessel. Only half of this system
is considered, so the size of the vessel for the purpose
of the simulations is a squarec3c. Figure 1 shows
the initial configuration for performing simulations.
The simulation area is divided into a square lattice
with a lattice parameterd. Mass in the liquid phase
can transfer by diffusion between two lattice points
only in the x and y directions as shown in Fig. 1.
Mass transfer is not allowed in the bulk and at the
surface of the crystal (no volume or surface
diffusion). Mass transfer at the solid–liquid interface
is driven by the chemical potential difference between
them. The chemical potential of the crystal surfacemc

is given by

mc 5 m0 1 kgcV (1)

wherem0, kgc andV are the standard chemical poten-
tial, weighted mean curvature (wmc) of the crystal
surface [26], and molar volume of the crystal, respect-
ively. In this work, the interfacial energyg is assumed
to be equal for all crystal surfaces. Figure 2 illustrates
some examples of wmc for various crystal surfaces.
Following the formulations used in the previous work
[18], a diffusion controlled growth equation for one
lattice point at the crystal surface can be expressed
as follows

v 5
Dl

DxHSSl

S̀
21D2

V
RT

kgcJ (2)

Fig. 1. Initial configuration for performing simulations. The
width and length of the crystal area and c, respectively. The
simulation area, a squarec3c, is divided into a square lattice
with a lattice parameterd. Mass in the liquid phase can transfer
by diffusion between two lattice points only in thex and y

directions.

Fig. 2. Examples of wmc for various crystal surfaces.

wherev, Dl, Dx, Sl andS̀ are the normal velocity of
the interface motion, diffusion constant in the liquid
phase, diffusion distance, concentration in the liquid
phase, and the solubility of the crystal with an infinite
size, respectively, andR andT have the usual mean-
ings. Likewise, an interfacial reaction controlled
growth equation can be expressed as follows
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v 5 KHSSl

S̀
21D2

V
RT

kgcJ (3)

where K is the interfacial reaction constant, and it
must beD/DxÀK to be interfacial reaction controlled
kinetics. The basic assumption in this work is that
growth is controlled by diffusion and interfacial reac-
tion in the [001] and [100] directions, respectively.

3. RESULTS AND DISCUSSION

3.1. Parameters

The activation energyEd of diffusion for the Si3N4–
SiO2–Y2O3 system was determined by Babini et al.
[27] to be 545 kJ/mol. The pre-exponent constant for
diffusion D0, taken from the one that showed good
agreement with the known grain growth data obtained
for β-Si3N4 in a previous work [17], has the value 1
m2/s. The diffusion distance is equal to the lattice
constantd for simulation, and is 0.02µm. Annealing
temperature is 1600°C. Thus, in this work the dif-
fusion constant has a value of about 6.21310216 m2/s.
The interfacial energyg between theβ-Si3N4 crystal
and the liquid phase is 0.3 J/m2 unless otherwise men-
tioned. The concentration of theβ-Si3N4 crystal in the
liquid phaseCβ was set to 0.2, and is a good approxi-
mation according to the phase diagram of the Si3N4–
SiO2–Y2O3 system [28]. The widtha and lengthc
of the β-Si3N4 crystal were set to 1µm and 4µm,
respectively, unless otherwise mentioned. In most
cases, the interfacial reaction constantK was set to
zero, which means no growth in the [100] direction,
except when the ratioR of the interfacial reaction
constantK and diffusion constant/diffusion distance
D/Dx is changed.

3.2. Effect of the liquid concentration

For the first simulation the liquid concentrationC
was set to 0.21, which means that the liquid phase was
supersaturated. Figure 3 shows the time evolution of
the tip shape of theβ-Si3N4 crystal in the liquid phase.
Starting from the initial configuration shown in Fig. 1,
crystal shapes at the annealing times of 10 000, 20 000
and 40 000 s are shown in this figure. The black shape
located atx 5 0 is the β-Si3N4 crystal that is sur-
rounded by the liquid phase. The concentration of the
liquid phase is expressed by shading: the lighter the
shading, the lower the concentration. Initially a flat
surface of the (001) plane of theβ-Si3N4 crystal
develops concavity with time. In fact, the center of the
tip is concave, while the edge of the tip is convex. This
variation in curvature is consistent with experimental
observations [25]. It creates mass flow from the edge
to the center along the tip surface. This further sug-
gests that mass constantly flows from the side (100)
surface to the tip (001) surface. Since the wmc of the
(100) and (001) surfaces,kg100 and kg001, are 2g/c and
2g/a, respectively, it becomeskg100,kg001 when
c>a as usually is the case for the elongatedβ-Si3N4

Fig. 3. Time evolution of the tip shape of theβ-Si3N4 crystal
in the liquid phase. Crystal shapes after 10 000 s (top), 20 000

s (middle), and 40 000 s (bottom) are shown.
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crystal. From equation (1), the chemical potential of
the (100) surface is lower than that of the (001) sur-
face, and it drives mass transport from the (001) sur-
face to the (100) surface. This does not agree with the
opposite mass flow expected from the concavity at the
tip, and suggests that mass flow must be driven by a
force other than the surface tension. We can expect
that this force would be derived from the supersatu-
ration in the liquid phase. In this simulation, the liquid
phase is slightly supersaturated. Since growth in the
[001] direction is controlled by diffusion, a concen-
tration gradient with an almost spherical shape is
observed around the tip. This results in the lowest con-
centration point (the lightest shade in the figure) at the
center of the tip (x 5 0). In contrast, there is almost
no concentration gradient in the direction normal to
the (100) surface due to the interfacial reaction con-
trolled kinetics (no growth in this case), especially at
the center of the (100) surface (y 5 22), which means
that the concentration at this point is as high as that
at the point far from the crystal (x 5 60.5,y 5 22).
As a result, a concentration gradient develops along
the (100) surface from the center (y 5 22) to the tip
(y 5 0), which drives mass flow from the side surface
to the tip surface. Because the concentration at the
edge of the tip (x 5 ±0.5) is higher than at the center
(x 5 0), the growth rate at the edge is also higher than
at the center. This is the reason for the development
of concavity at the tip. However, as the edge grows
in the [001] direction, the chemical potential around
the edge point of the tip surface increases, and finally
reaches a steady-state. This determines the shape of
the tip in a steady-state. Because the change of tip
shape occurs mainly during the initial 20 000 s, and
those after 20 000 and 40 000 s are nearly identical,
we could say that the tip shape after 40 000 s is close
to the one in a steady-state.

Figure 4 demonstrates the effect of liquid concen-
tration on tip shape. The concentration of the liquid
phaseC varied from 0.19 (non-saturated) to 0.20
(saturated) to 0.21 (supersaturated). All results are
obtained after 40000 s. As expected, convex, almost
flat, and concave surfaces are developed at the tip in
the cases ofC 5 0.19, 0.20 and 0.21, respectively.
Consequently, we conclude that the concavity at the
tip is attributed to supersaturation of the liquid phase.
This variation in curvature due to the liquid concen-
tration could explain the variety of the tip shapes
observed experimentally: a round (convex) shape [3],
a slightly curved surface close to the [001] plane [16],
and a concave shape [25].

3.3. Effect of crystal width

It was discovered that concavity at the tip depended
on crystal width: the larger the width of the crystal,
the more concavity it developed [25]. To investigate
the effect of crystal width on tip shape, simulations
were performed in which crystal width,a, was
changed from 0.5 to 1.0–1.5µm. Other parameters
remained the same as in the previous simulations.

Fig. 4. Effect of liquid concentration on tip shape. The concen-
tration of the liquid phaseC varied from 0.19 (non-saturated,
top) to 0.20 (saturated, middle) to 0.21 (supersaturated,

bottom). All results are obtained after 40 000 s.
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Figure 5 shows the shapes of the crystal after 40 000
s. The trend mentioned above can be clearly observed
in these figures and is a result of different distances
from the edge to the center at the tip surface. Since
mass arrives from the edge to a large extent, it is
gradually consumed during motion to the center along
the tip surface due to diffusion-controlled growth in
the [001] direction. When this distance is short, the
concentration difference between the edge and the
center is small and less concavity develops, as
observed in the case ofa 5 0.5 (µm) and vice versa
in the case ofa 5 1.5 (µm).

3.4. Effect of the kinetic parameter

Simulations have been performed so far setting the
interfacial reaction constant at the (100) surface
K 5 0 to make them simple. We have understood in
the above discussions that it is strong growth ani-
sotropy and supersaturation in the liquid phase that
make the tip shape concave. Thus, it is of great inter-
est to see the effect of the relationship between the
interfacial reaction constantK and the diffusion con-
stantDl. To directly compare them, the diffusion con-
stant must be divided by the average diffusion dis-
tanceDx. Here, Dx is assumed to be equal to half
the crystal width,a/2 [29]. Simulations are performed
changing the ratioR 5 K/(Dl/Dx) from 0.01 to 0.05
to 0.25. Other parameters are the same as in the pre-
vious simulations. Figure 6 shows the tip shapes in
these cases after 40 000 s. It is clearly seen that the
concentration gradient (corresponding to the number
of shades), and hence growth rate, increase in the
[100] direction asR increases. Almost no width
growth is observed whenR 5 0.01, while a signifi-
cant growth is recognized whenR 5 0.25. The most
prominent difference among these cases is the con-
cavity at the tip. The greater theR value becomes
(the more the growth in the [100] direction becomes
diffusion-controlled), the less concavity develops at
the tip. In the previous section, we observed that con-
cavity at the tip became greater with the increases of
width. Figure 6 demonstrates that the effect of kinetic
parameters overcomes the effect of width. Thus, we
have confirmed that strong growth anisotropy is the
key to understanding the development of concavity at
the tip surface of theβ-Si3N4 crystal.

4. CONCLUSION

Simulations based on the anisotropic Ostwald rip-
ening model have been performed for the tip shape
evolution of theβ-Si3N4 crystal in the liquid phase.
It has been found that tip shape is a function of liquid
concentration and the relationship between the
interfacial reaction and diffusion constants. The fol-
lowing conclusions can be drawn based on this work.

1. The variety of tip shapes observed experimentally,
a round (convex) shape, a slightly curved surface
close to the [001] plane, and a concave shape, are

Fig. 5. Effect of crystal width on tip shape. Simulations are
performed changing the crystal widtha from 0.5 µm (top) to
1.0 µm (middle) to 1.5µm (bottom). All results are obtained

after 40 000 s.
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Fig. 6. Effect of the ratioR of the interfacial reaction constant
K and diffusion constant/diffusion distanceDl/Dx. Simulations
are performed changing the ratioR 5 K/(Dl/Dx) from 0.01
(top) to 0.05 (middle) to 0.25 (bottom). All results are obtained

after 40 000 s.

due to the non-saturated, saturated, and supersatu-
rated liquids, respectively.

2. Concavity at the tip surface is a function of crys-
tal width.

3. Strong growth anisotropy of theβ-Si3N4 crystal
(the interfacial reaction and diffusion controlled
kinetics of the (100) and (001) surfaces,
respectively), and supersaturation in the liquid
phase must be satisfied for the development of
concavity at the tip surface of theβ-Si3N4 crystal.
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